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Binary Operations

Let S be a non-empty set. A function f from S xS to S i1s called a binary
operation on S 1.e. f: S XS — S 1s a binary operation on set S.

Closure Property

*

An operation
property, if

on a non-empty set S 1s said to satisfy the closure

aeS,beS=>a*beS,V a, beS

Also, 1n this case we say that S 1s closed for *.

An operation * on a non-empty set S, satisfying the closure property 1s
known as a binary operation.

Properties

(1) Generally binary operations are represented by the symbols * |
®, ... etc., Instead of letters figure ete.

(11) Addition 1s a binary operation on each one of the sets N, Z, @, R
and C of natural numbers, integers, rationals, real and complex
numbers, respectively. While addition on the set S of all
irrationals 1s not a binary operation.

(111) Multiplication 1s a binary operation on each one of the sets N, Z,
@, R and C of natural numbers, integers, rationals, real and
complex numbers, respectively. While multiplication on the set S
of all irrationals 1s not a binary operation.

(1v) Subtraction 1s a binary operation on each one of the sets Z, @, R
and C of integers, rationals, real and complex numbers,
respectively. While subtraction on the set of natural numbers 1s
not a binary operation.

(v) Let S be a non-empty set and P(S) be 1its power set. Then, the
union, intersection and difference of sets, on P(S) 1s a binary
operation.

(vi) Division 1s not a binary operation on any of the sets N, Z, @, R
and C. However, it 1s not a binary operation on the sets of all

non-zero rational (real or complex) numbers.

b

(vi1) Exponential operation (a, b) = a” 1s a binary operation on set N of

natural numbers while 1t 1s not a binary operation on set Z of
integers.



Types of Binary Operations

(1) Associative Law A binary operation * on a non-empty set S is
sald to be associative, if (¢ * b) *c=a*(b*¢c),V a, b, ce S.

LLet R be the set of real numbers, then addition and
multiplication on R satisfies the associative law.

(1) Commutative Law A binary operation * on a non-empty set S
1s sald to be commutative, if

a*b=b*a,Va bes.
Addition and multiplication are commutative binary operations

on Z but subtraction not a commutative binary operation, since
2-3#3-2.

Union and intersection are commutative binary operations on
the power set P(S) of all subsets of set S. But difference of sets 1s
not a commutative binary operation on P(S).

(i11) Distributive Law Let * and o be two binary operations on a
non-empty sets. We say that * is distributed over o., if

a*(boc)=(a*b)o(a*c),Va, b, ce S also called (left distribution)
and (boc)*a=bB*a)o(c*a),Va b ceS also called (right
distribution).

LLet R be the set of all real numbers, then multiplication
distributes addition on R.

Since,a-(b+c¢)=a-b+a-¢,V a, b, ce R.

(iv) Identity Element Let * be a binary operation on a non-empty
set S. An element e € S, if it exist such that

a*e=e*a=aq,VaeS.
1s called an i1dentity elements of S, with respect to *.
For addition on R, zero 1s the identity elements in R.

Since, a+0=0+a=a,VaeR

For multiplication on R, 1 1s the identity element in R.
Since,ax1l=1xa=a,VaeR

Let P (S) be the power set of a non-empty set S. Then, ¢ 1s the
1dentity element for union on P (S) as

Aud=0U A=A,V Ae P(S)



Also, S 1s the 1dentity element for intersection on P(S).

Since, ANS=AnNnS=AY Ae P(S).

For addition on N the identity element does not exist. But for
multiplication on N the 1dentity element 1s 1.

(v) Inverse of an Element Let * be a binary operation on a
non-empty set S and let e be the 1dentity element.

Let ae S we say that ¢! is invertible, if there exists an element
be Ssuch thatg*b=b0*a=e¢

Also, in this case, b is called the inverse of @ and we write,a = b

Addition on N has no 1identity element and accordingly N has no
invertible element.

Multiplication on IV has 1 as the 1dentity element and no element
other than 1 1s invertible.

Let S be a finite set containing n elements.

Then, the total number of binary operations on S 1n n"

Let S be a finite set containing n elements.

Then, the total number of commutative binary operation on S 1s
nin+1)
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n



